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This paper reviews the symmetrizability of systems of conservation laws which possess
entropy functions. Symmetric formulations in conservation form for the equations of gas
dynamics are presented.

INTRODUCTION

In this paper we consider systems of conservation laws which possess an entropy
function. Such equations of mathematical physics can be written in a symmetric form
which retains the conservation properties of the system. Among the researchers who
have investigated this class of equations are Godunov [2], Friedrichs and Lax [3],
and more recently Mock (6] and Harten and Lax [4].

The symmetrizability of systems of conservation laws with entropy may and
should be utilized in the design and analysis of numerical solutions to such problems.
For example, it offers the possibility of locally linearizing the equations in a way
which preserves the hyperbolicity and conservation properties (see Roe [7, 8], the
next section, and [5]). Another example is the use of the symmetrizibility property to
rigorously analyze splitting algorithms for the Navier~Stokes equations by Abarbanel
and Gottlieb (see [1]). Of particular interest is the possibility of improving the
structure of iteration matrices in direct Newton-iteration methods to the solution of
the steady state equations.

The goal of this paper is to review the general structure of systems of conservation
laws with entropy, and in particular to present symmetric formulations of the
equations of gas dynamics. It is hoped that this information will be of service to the
designers of numerical approximations of this important class of equations.
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1. SYSTEMS OF CONSERVATION LAWS WITH ENTROPY

In this paper we consider systems of hyperbolic conservation laws of the form
d .
u, + Zfl(“)x,E u,+divf(u)=0. (1.1a)
i=1

Here u(x, t) is an m-column vector of unknowns, () is a vector-valued function of
m components, X = (X, ,..., X;), and f= (f',..., f%). We can write (1.1a) in the matrix
form

d
U+ Y A'u)u, =0, (1.1b)
i=1

where
Alw)=f:. (1.1¢)
Equation (1.1) is called hyperbolic if the matrix

i w,A'(u) (1.2)

has real eigenvalues and a complete set of eigenvectors for all real w,.
A scalar function U(u) is an entropy function for (1.1) if

(i) The function U satisfies

UJfi=F., i=1,.4d, (1.3)

where Fi(u) is some scalar function called entropy flux in the x; direction.
(ii) The function U is a convex function of u.

It follows from (1.3), upon multiplication of (1.1a) by U,, that every smooth
solution of (1.1) also satisfies

d
U+ Y Fi=U,+divF=0, (1.4)
i=1

i

where F = (F',..., F%).
A system of equations

d
Pv,+ > Bv, =0, (1.5)
iz

is called symmetric hyperbolic if P and all B' are symmetric matrices, and if P is
positive definite.
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The symmetrization of (1.1) will be accomplished by introducing new dependent
variables v in place of u by setting u = u(v), i.e.,

d d
u@),+ S L@@ =0, + Y [0, =0. (1.62)
i=1 i=1
Thus (1.1) becomes of form (1.5) with
P=u,, Bi=f1, (1.6b)

The symmetry of the matrices u, and /' implies that u and f' are gradients with
respect to v, i.e., there exist scalar functions g(v), r'(v) such that

q,=u', (1.7a)
ro=(7 (1.7b)

where superscript T denotes transpose. The positive definiteness of u, is equivalent to
the convexity of g(v).

Note that the convexity of ¢ implies that the mapping v — g, is one-to-one, so that
(1.7a) can be inverted, i.e., v can be regarded as a function of w.

THEOREM 1.1 (Godunov). Suppose (1.1) can be symmetrized by introducing new
variables v, i.e., (1.7) holds, where q is a convex function of v. Then (1.1} has an
entropy function U(u) given by

Uu) = u"v — q(v), (1.8a)
with entropy fluxes F'(u)
Fiw)= ()" v—ri(v). (1.8b)
Proof. Differentiate (1.8a) with respect to u; using (1.7a), we get
U=v"+u"v,—q,v,=0". (1.9)

Similarly, from (1.8b) and (1.7b) we get

Fio=o"fL+ () v, —rio, =07/, (1.10)
Relation (1.3) follows.
To prove the convexity of U, we show that U is the Legendre transform of g:

U(u) = max, [u"v — q(v)]. (L.11)

For, by the convexity of ¢, the right side has a unique maximum; at the maximum
point, the v derivative must vanish; this gives relation (1.7a). This proves that (1.11)
is the same as (1.8a). Equation (1.11) represents U as the maximum of linear
functions; this proves that U is convex.
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Conversely:

THEOREM 1.2 (Mock). Suppose U(u) is an entropy function for (1.1); then
vT=U,, (1.12)

symmetrizes (1.1).
Proof. The convexity of U implies that the mapping u - U, is one-to-one, hence
(1.12) defines u as a function of v. We define now g and ' by
q(v) =v"u — U(u), (1.13a)
r'(v) = v"f - Fi(u), (1.13b)

where F' are the entropy fluxes. Differentiating (1.13a) with respect to v, and using
(1.12) gives

gp=u"+v"u,—Uu,=u'".
Similarly, from (1.13b), (1.12), and (1.3) we get
ri=(H" + 0" flu, — Flu,= (f)"

These formulas show that (1.7a) and (1.7b) hold; therefore u, and f, are symmetric.
To show that u, is positive, we have to verify that g is convex. This can be done, as
before, by observing that, because of the convexity of U, it follows from (1.13a) and
(1.12) that g is the Legendre transform of U. (For more details see [4].)

We note the following relations:

(i) The symmetric positive definite matrix #, simultaneously symmetrizes all
A'=f, from the right, i.e.,
A'u, = B = symmetric. (1.14a)
. (ii) The symmetric positive definite matrix v, simultaneously symmetrizes all
A' from the left.
v,4"'=v,B', = symmetric. (1.14b)

(iii) The similarity transformation
(v,)"*A'w,) " = (v,)"* B'(v,)"/* = symmetric (1.14¢)

simultaneously transforms all 4’ into symmetric matrices.
We say that the system (1.1) can be linearized in the sense of Roe if for all 4, and
u, there exist matrices 4‘(u,, #,) such that for i=1....,d

@) 1) =1 1) = A"y, uy) (U, — uy), (1.15a)
(i) A, u)=rfiu)=4'@), (1.15b)
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and

(iii) the matrix
d
3w, ANy, uy) (1.15¢)
i=1
has real eigenvalues and a complete set of eigenvectors for all real w; (see [7, 8]).

THEOREM 1.3 (Harten-Lax). Suppose (1.1) has an entropy function; then (1.1)
can be linearized in the sense of Roe.

Proof. Let v =U,. Then by Theorem 1.2, the mapping u — v is one-to-one, v, is
a symmetric positive definitive matrix, and the f| are symmetric. Let v, = v(u,),
v, =v(u,) and define

v(@)=v,+6(v,—v)).

Then
1) =) = [ F1(006)) GO = 10(®) B, — )
Denote
Bi(u,, u,) = jﬂl T () db; (1.16a)
then
SHw) =) =By, ), — v1), (1.16b)

where B'(u,,u,) is symmetric. Now let

u(n) =u, +n(u, — u,).

Then
v o= [ o) G dn = [ o) dnG—w). (L1T8)
Denote
Pl ) = [ v,ur)) dr
then

vz_vlzp(u19u2)(u2—u1)’ (117b)
where P(u,, u,) is symmetric positive definite. Combining (1.16b) and (1.17b), we get

Si(u,) ““fi(ul):Ai(ula uy)(u, — u,y), (1.18)

581/49/1-11
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where

Ay, u) = B'(uy, uy) P(uy, u,). (1.19)

For u,=u,=u, we get that v(@)=v(u), u(n)=u, and B(u,,u,)=rf (v(w)),
P(u,, u,)=v,(u). Hence

A'(u, u) = B'(u, u) P(u, u) =i (v(0)) v,(u) =f1(u) = A’ (u). (1.20a)
Denote
d d
C= Z w A (uy, uy) = [Z_‘, wB'(u,, “2)] P(u,, uy).
Then
[P(u,, uz)]m CP(u,,u))] ™"

= [P(u,, uy)]'"* [él ;B (u,, uz)][P(ul, u,)]"/? = symmetric. (1.20b)

Thus C is similar to a symmetric matrix and therefore has real eigenvalues and a
complete set of eigenvectors for all real w;.

2. EULER EQUATIONS OF GAS DYNAMICS

In this section we consider the Euler equations for polytropic gas in conservation
form:
u+ [l + /W], =0, (2.1a)
where

u' = (p,m,n, E) = (uy, uy, uy, u,),

@) = ul_z{ufuz’ - Du(uu— ju3) + %(3 -7) ulug’ Uy uy,

uy[yus ug — 3y — D)3 + ud)]}, (2.1b)
7@ = uiwluy, uyuyuy, (v — 1) uy(uyu, — 3u3) + 33 — ¥) Uy u3,
uy[yuyuy — 1@y — D@5 + u3)]} (2.1¢)

where p is the density, E is the total energy, m and n are the momentum in the x
direction and y direction, respectively, and y > 1 is the adiabatic exponent.
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The Jacobian matrix 4* =f equals

i 0 —u 0 o |
33—y u; (y—3)uiu, (y—Duju, (1—y)uj
_3 +3(1-7y) “g] u,
ulu2u3 _ufug _uluz 0
[yu uy + (1 —7) [_W1“4+%(}’— 1) (= Duuyu, —yuiu,
- (3 + uj)]uy - (B3 + ud)u,
(2.2a)

and has eigenvalues

ai=ui u, — [y = D" [wus— 103 + u)]?}s af=a5=ui'uy;

ai=uy {up + [y — DIV [uyug — 33 + u3)]'?}. (2.2b)
The Jacobian matrix 4* =f7 equals
[ 0 0 —u 0o ]
TR ~uluy —ulu, 0
) ENCESIL (v — D uiu, (= 3) uiu, (A =y)u;

i 1 2
+2(1—p)u3)

uu, +(1=y)  @=Duuuy [—puug+30¢—1) —yuiu,

< (u + u3)Juy - (305 + u)u,
(2.3a)
and has eigenvalues
aj=uy {uy— [y — D] [uu,— @i +ud)]?y; ay=ai=ui'uy;
ai=ui Huy + [y — D] [wyu, — 307 + )]} (2.3b)

It is well known that (2.1) implies that

S =log[Pp?) =log {(u; "~ !/(y — 1))[u, us — 3(u3 + u3)]} (24a)
(where

P=(y~ Duy [ugu, — 305 + ul)] (2.4b)
is the pressure) satisfies
u,(dS/dty=u,S,+ u,S, +u;S,=0

for all smooth u(x, ¢), i.e., S is constant along streamlines.
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Consequently
. as
u h(S), + u, h(S), + u3 h(S), = u, h(S) i 0 (2.5a)

for all differentiable functions 4(S). Here / denotes derivative with respect to S.
Multiplying the continuity equation in (2.1)

Uy +y, +us, =0 (2.5b)
by —A(S) and subtracting (2.5a), we obtain the entropy equation (1.4) for (2.1).
[—u, A(S)], + [—u  A(S)], + [—u3A(S)], = 0. (2.6a)
Here
U(u) = —u, h(S), F*(u) = —u, h(S), FY(u) = —u3 h(S). (2.6b)
Then v™ = (v,, v,, v5, v,) in (1.12) becomes

o™ =— (y — D[AS)/PHuq + [P/(y — DIR(S)/AES) =y — 1], —tz, —us, uy}.  (2.7)

and
v, = [/ = 1)/PPu,A(S) - D (2.82)
where
[ig+cty  —all1-R) gl —R) i¢?(1—-R) |
—R(3¢*—c})*  +Rek] +Rci] —ck(1/y —R)
-4:[3¢°(1—-R) qi(1—-R)+ci/y 4,9,(1—R) —¢,(1 —R)
Do +Rck]
—q;[3¢°(1 —R) q,4,(1-R) g3(1—-R)+ck/y —q,(1—R)
+RCL]
3¢*(1—R)
—cx(1/y—R) —¢,(1—R) —¢,(1—R) 1-R ]
(2.8b)

Here P is the pressure from (2.4b), ck = [y/(y— D] Pluy, q, =uy/u,, g, = u;/u,,
q’ = qi + g3, and R = h(S)/h(S).
We show now that the symmetric matrix D is positive definite if and only if

R = K(S)/A(S) < 1/y. (2.8¢)

We do so by showing that the determinants of the major blocks of D are positive if
and only if (2.8c) holds.
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My =D,=(1/y-R)Gq — i)+ i - 1)@’ +ckl/y>0,  (29a)

D, D
My, = det [D D] (2.9b)
= (/NI = RY)[Ga* — k)’ + (v + D kgl + ckai + iy — 1) g*} > 0,

D, D,, D
M, =det| D,, D,, D,
Dy, D,, D,

= (cx/7)(1 —Ry) ck(@® + ci/v)+ (1 —R) ¢*/4] > 0, (2.9¢)

M,, =det(D)= (% /y")(y — 1)1 = Ry) > 0. (2.9d)

We note that for the physical entropy (2.4), A(S)=S, A(S)=1 and R =0. It
follows from (2.8c) that v, is positive definite in this case.

Next we derive specific formulae for the family of functions A(S) defined with
respect to a parameter a:

h(S) =I(eS/(a+y) =K(Pp—y)l/(a+7). (2103)

In this case A(S) = [K/(a +y)] e5/**?; R = h(S)/h(S) = 1/(a + 7). It follows from
(2.8) that v, is positive definite if and only if

a>0, K>O0. (2.10b)

We note that det(v,) =0 if and only if a =0.
Substituting (2.10a) with K = ((& + y)/(y — 1)) for A(S) in (2.7), we get
vt = =PI ly tV@I Dy 4 [Py — D@ — 1), =y, —u5, w0y} (2.11)

Denote:
w=—, (2.12a)
4= [ — D/a)lwow,—1(w] + wil; (2.12b)
then u(v) = u(—w) is given by
u, =p=w§?+a—2)/()‘—-1)ﬂ(l—d-}')/(}’—l), (2133)

U /u, =g, =—w,/w,, (2.13b)
Usfuy =g, =—w,/w,, (2.13¢)
(y — Dluyu, — 33 + ud))/u, =p=w; up. (2.13d)

We turn now to express the fluxes f* and f” in (2.1) in terms of the dependent
variable v.
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(X)) = pwi > {—wowi, wo(W] + 1), wy wy Wy, —w, [wyw, —u(@—y)/(y— 1)}
(2.14a)

FAOIR = pwi =Wy Wi, Wy wawy, wa(W3 + i), —wy [wyw, — (e — )/ (y — D]}
(2.14b)

p(v) is given in (2.13a). WE observe that the fluxes f*(v) and f”(v) are homogeneous
functions of v of degree s, i.e.

[fB)y=F @), fB)=F10) (2.15a)
for all scalar §, where
=—(a+7)/(r— 1. (2.15b)
We denote
ki=(1—a—y)a;  ky=(a—y)/{y—1) (2.16)

The Jacobian f% = — 7, takes the form f* = —pu~'w;? . B* where

[“oww?  wleawi—w)  kwpww, [l + e ]
+kyw w,]
wolk, wi — w,(3u — k, w3) wylu — kyw3) kowy lu(wl + 4)
fre +w,(k, wi— )
kywywsyw, wyly — &, W%) w,(u — ky wi) wy Wik, wy
+kyw,)
—wyllky + Dy kyws ‘ﬂ(W% +u) wywylkywi ' —wy{w (2, wy'u
+hywiw,] +W1(k1W;_#) +k,wy) +hywy) — ky(k, — l)w;zﬂzl
(2.17a)
Similarly the Jacobian f = — f7, takes the form f? = —p*~'w;? . B* where
F‘kn w3Wg kywywyw, wy(k, w3~ u) —wy{(k, + 1
+k, W, w,]
kywywyw, wlu — k, w3) wau — kywh) wywylk, wy 'u
e +k,w,)
wokywi— ) wyu—k; Wg) wy3u —k, Wg) kywy 'u(wl +u)
+w,(k, w5~ p)
il D wpwnlewi s WO E) w2k
+kyw,w,] +k,w,) +w,(k, w? — p) +k,w,) — ky(k, — Dw;u ’]J

(2.17b)
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Homogeneity property (2.15) of f*(v) and f”(v) implies
fiv=s*@); frv=9"(v) (2.18)

For a=1— 2y, we have s=1 in (2.15b) and (2.18) implies that /v =f"*(v), flv =
S?(v). This property may be used in constructing upwind differencing schemes (see
[5,9]). We remark that a=1—2y <0 and therefore v, is not positive definite;
however, the mapping u — v is one-to-one.

We note that for « =1 — 2y, we have k;, =0 in (2.16), which results in a great
simplification in (2.17):

fX¥=—pw;® . B* where

0 —w} 0 —(k, + Dw,w,
= —w} 3w, w, Wiw, k(W3 + ) — w,w,
0 wyw, wyw, kywow,

—(ky + D) wywy k(W3 + ) — wiw, kywawy —kywy[2w, — (ky, — Du/w,]

(2.19a)
fY=—pw;?. B® where
0 0 —w} —(ky, + D) wyw,
_— 0 Wi W, w,w, kyw,w,
- —w} wow, 3w, w, ky(wWi+u)—wyow,

—(ky+ Dwyw, kywyw,  ky(Wi +u) —w,w,  —k,wy[2w, — (k, — D /w,]

(2.19b)
Here k, =—1—y/(y—1).
For a =y > 0, we have k, =0 in (2.16); thus (2.17) becomes

S¥=—pu~'w;?. B* where

—k, wy Wi wy(k, w3 —u) kywywyw, —wyu + kywiwy)
pr_ | Wlawi-m owmlewi-3) —wkwion) wkwl-a)

kyw,wyw, —wylk, Wi —u)  —w,(k,wi—u) kywow, wy

—w,(u + kywyw,) w (kw3 —u) kywyw,wy —k,wiw,

(2.20a)
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f¥=—pu~'w;?- B® where

—k,wywi k,wywyw, wokowi—u)  —wiu+kyw,w,)
P kywywyw, wiu —k,w3)  —wylk, wi—u) kywiwyw,
wikywi—m)  —wkwi—p)  —wikowi—3u) ik wi—p)
—w,u + kW w,) kyw ow,w, w,(k,wi—u) —k, wiw,
(2.20b)

Here k, =1/y—2.

3. Viscosity TERMS

In this section, we consider the viscosity terms in the compressible Navier—Stokes
equations

bt LWLt PO, = O )+ 5 Claw), ()

where u, f*(u), and f”(u) are the same as in Section 2, and

(0717 = {0, A(qyx + 2y) + 204G, (o + G1,)s HG2(G1y + G2y

+29,(q1, + q2y) + 209, 4,,}; (3.2a)
(0’1" = {0, (g1, + 420), A@1« + 42y) + 204, 19,(92x + G1)
+ Aq,(q1x + 92y) + 249,45, }5 (3.2b)

as before, q, = u,/u, and g, =u,/u, are the velocity components in the x and y
directions, respectively.
Expressing ¢, and g, as a function of v in (2.11), we get

g, = —0,/v,, g, =—0;/v,,
and
dix= vy (a0, + U204x), 2 = 1’4_2(_”4 Use + U3040) (3.3a)
qu = 1)4_2(—1)4 va + 23 v4y)’ q2y = Uzz(—lh v3y + U, vdy)' (33b)

Substituting ¢;,,q;,, i=1,2 in (3.2) by (3.3), we rewrite (3.2) as
Q*=R"(v)v, + R”(v)v,, (3.4a)
Q” =R"({)v, + R (v)v,, (3.4b)
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where
[0 0 0 0 ]
0 —(A+2u)v} 0 A+ 2u)v,0
R*(0) = v} ( M) Vg ( ) V10, ’ (3.5a)
0 0 —uvl Uv30,
|0 (A +2)vy0, woyv, —(d+2u)v3 — w3
0 0 0 0 ]
0 —ﬂvz 0 Ho,v
R?(v) =0} ) ) N ., (3.5b)
0 0 —(@ + 2u)v; (A +2u)vyv,
0 uvyv, (A+2)v0, —(A+2u)v3—po;
0 o0 0 0o ]
0 0 —Avl Avyv,
R¥()=v;? , (3.6a)
0 —uv} 0 o, v,
0 wvyv, Avyv, —(A +u)vyv,
[0 o 0 0 i
0 0 —uvl uvyv
R™(v) =v]° ) e (3.6b)
0 —-Av: 0 Av,v,
0 Avyv, pv,v, —(A+u) V30, |

We observe that R** and R’” are symmetric nonnegative matrices (note that v, <0
by definition). Matrices R* and R** are not symmetric, except in the nonphysical
case A = u; however, R™ + R** is symmetric, in agreement with [1].

4. SUMMARY

In this paper we have described a symmetric form of systems of conservation laws
with entropy. This symmetric form retains the conservation properties of the
equations; consequently, weak solutions remain unchanged. In Section 2 we have
presented specific symmetric forms of the Euler equations of gas dynamics. Some of
these forms are surprisingly simple and therefore are computationally attractive.

We feel that this extra richness of structure is an important feature to be utilized in
both the analysis and the numerical approximation of weak solutions of systems of
conservation laws with entropy.

Of particular computational interest is the possibility of using the symmetric form
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(1.6a) to calculate steady state solutions of (1.1). Here, the term u,v, vanishes, and
the numerical approximation becomes an iteration method for solutions of the spatial
part of (1.6a). The symmetry of the matrix coefficients may provide a way to achieve
faster convergence to steady state solutions in this case.

REFERENCES

S. ABARBANEL AND D. GOTTLIEB, J. Comput. Phys. 41, (1) (1981), 1.

S. K. Gopunov, DAN. USSR 139 (3) (1961), 521.

K. O. FRIEDRICHS AND P. D. LAX, Proc. Nat. Acad. Sci. USA, 68, (1971), 1686.

A. HARTEN AND P. D. LAX, SIAM J. Numer. Anal. 18, (2) (1981), 289.

. A. HARTEN, P. D. LAx AND B. VAN LEER, SIAM Rev., to appear.

M. S. Mock, “Systems of Conservation Laws of Mixed Type,” to appear.

P. L. ROE, in “Proceeding, 7th Intl. Conf. Numer. Meth. Fluid Dynamics,” (W. C. Reynolds and R.
W. MacCormack, eds.), Springer-Verlag, Berlin/New York (1981), 354.

. P. L. RoE, J. Comput. Phys. 43 (1981), 357.

. J. L. STEGER AND R. F. WARMING, “Flux Vector Splitting of the Inviscid Gas Dynamics Equations
with Applications to Finite Difference Methods,” NASA TM-78605, July 1979.

Novs N

o 0o



